We study cosmological inflation in the Einstein gravity model, where additionally the Gauss-Bonnet term non-minimally coupled to a scalar field is included. We prove that inflationary solutions of exponential and power-law types are allowable and we found few examples of them. We also proposed the method of the exact inflationary solutions construction for a single scalar field with given scale factor and Gauss-Bonnet coupling term in the spatially flat Friedmann-Robertson-Walker Universe on the basis of connection with standard inflation and using special anzatses. With one special anzats we presented the system of equations in the form which allowed generation of exact solutions (at least in quadratures) of wide class by setting the scale factor.
Introduction
The theory of cosmological inflation successfully describes a condition of the accelerated expansion of the Universe evolution at early stages [1] . Also inflationary cosmology explains an origin of primary inhomogeneities and predicts their spectrum [2, 3] .
According to the theory of inflation primordial perturbations happened from quantum fluctuations. These fluctuations had essential amplitudes in scales of planck length and during inflation they generate the primordial perturbations which then lead nearer to scales of galaxies with almost same amplitudes. Thus, inflation connects large-scale structure of the Universe with microscopic scales. The resultant range of inhomogeneities practically doesn't depend on private scenarios of inflation and has a universal form. It leads to unambiguous predictions for a range of anisotropy of the background radiation [3] .
Models of inflation are set by a shape of an effective potential V (φ). In this case, a scalar field φ 1 e-mail: ingvor@inbox.ru 2 e-mail: chervon.sergey@gmail.com comes down to V (φ) minimum in the inflationary stage. The end of inflation leads to violation of conditions of slow rolling, the field oscillates about a minimum and process of post-inflationary heating begins. This process includes at once some various stages, such as disintegration of inflaton condensate, the birth of particles of standard model and their thermalization [2, 3] .
Cosmological acceleration specifies that now in the Universe evenly distributed slowly changing space liquid with negative pressure, called by dark energy, dominates [4] .
To make the specification of various types of cosmic fluid the phenomenological ratio p = wε between pressure p and energy density ε with the state parameter w for each species of the fluid is usually used. Modern experiments [5] testify that the Universe is spatially flat and at present time the state parameter for dark energy is w = −1 ± 0.1.
Standard way of obtaining time-dependent parameter of a state is inclusion of scalar fields in cosmological model. At rather general assumptions within four-dimensional spacetime with a single scalar field as the source of gravity it was obtained the restrictions on state parameter for quintessence −1 < w < − 1 3 and for phantom scalar field w < −1 [3] .
Despite the fact that the inflationary scenario solves the problem of the big bang theory, for instance, the horizon and flatness problem, there are still unsolved problems such as initial singularity problem and quantum gravity.
For the very early Universe approaching the Planck scale, we could consider Einstein gravity with some corrections as the effective theory of the quantum gravity. The effective supergravity action from superstrings induces correction terms of higher order in the curvature, which may play a significant role in the early Universe. The one of such correction is the Gauss-Bonnet (GB) term in the low-energy effective action of the heterotic string [6, 7] .
Also, the GB term arises in the second order of Lovelock gravity, which is the generalization of the Einstein gravity. The Lovelock gravity is described by the action of a special kind, consisting of the sum of the so-called Lovelock tensors [12] . The first order theory of Lovelock coincides with Einstein gravity, the second order is Einstein-Gauss-Bonnet (EGB) gravity, which will contain GB term and the variation of this term is different from zero only in a space with dimensions of not less than five. However, in the four-dimensional space, in the case of non-minimal interaction of a scalar field with GB term, the equations of the dynamics are quite different from the standard inflation [13, 14] .
The inclusion of a scalar field in the inflationary model implies, in particular, consideration of the Higgs mechanism in connection with the experimental discovery of the Higgs boson [9] . Inflation can be generated by the Higgs boson, if it is non-minimally connected with the scalar Ricci with (negative) large coupling constant [10] . The existence of a conformal transformation in such models leads to the fact that the amplitude of cosmological perturbations can be increased or reduced by adjusting this constant to match the observational data. Standard inflation Higgs mechanism makes it possible to consider other types of interaction of a scalar field with gravity (with the GB term) in the context of the Higgs field as inflaton [11] .
Thus, cosmological inflation, in the case of Lovelock gravity in the second order with nonminimal coupling of a scalar field with GaussBonnet term for the four-dimensional spatially flat Friedmann-Robertson-Walker (FRW) Universe associated with both: low-energy limit of string theory and a generalization of Einstein gravity, with a known mechanism of elementary particles creation, as well.
Non-linearity of Einstein and Lovelock gravity, making it difficult prediction of the properties and possible physical meaning of solutions based on a qualitative analysis of the equations underlying the theory. In this regard, it is important to search the exact solutions and the development of new methods for their generation.
For the case of four-dimensional FRW universe with non-minimal coupling of a scalar field and Gauss-Bonnet scalar, the solutions were obtained in slow-roll approximation [13] [14] [15] and in the case of inflation which is driven by the interaction of a scalar field and GB term without the potential [16] . But, in the work [17] it was shown that the GaussBonnet inflation without an inflaton potential is not phenomenologically viable. The exact solutions for power-law inflation with nonzero potential were proposed in papers [18] [19] [20] [21] .
New exact solutions and methods for construction of them are proposed in this article. Special attention we pay to the methods which are based on the confrontation with exact solutions for the model of standard inflation. The article is organized as follow. In the section 2 we present the model's equation for scalar field cosmology nonminimally coupled to the GB term and showed connection of them with standard FRW inflationary cosmology. In the section 3 we study the possibility of realization of inflationary scenarios of exponent and power law type in the model under consideration. We found such solutions under special choice of scalar field evolution. Section 4 is devoted to search of some method of exact solutions construction with the help of direct connection solutions for the standard inflation with new solutions for the model under consideration imposing the restrictions on a non-minimal interacting term. In the section 5 we demonstrate possible generation of exact solutions from given scale factor in analogy with the standard approach with fine tuning of the potential method. We sum up the results in the section 6.
The model's equations with the Gauss-Bonnet coupling term
We consider the action with the Gauss-Bonnet term non-minimally coupled to a scalar field [13, 14] 
where φ is an inflation field with a potential V (φ), R the Ricci scalar curvature of the spacetime M, R 2 GB = R µνρσ R µνρσ − 4R µν R µν + R 2 the GaussBonnet term. The Gauss-Bonnet coupling ξ(φ) is required to be a function of a scalar field in order to give nontrivial effects on the background dynamics.
The background dynamical equations for inflation with the GB term which couples to a scalar field φ in a spatially flat FRW Universe in the system of units 8πG = c = 1 are
where a dot represents a derivative with respect to the cosmic time t, H ≡ȧ/a denotes the Hubble parameter, and V ,φ = ∂V /∂φ, ξ ,φ = ∂ξ/∂φ. Since ξ is a function on φ,ξ impliesξ = ξ ,φφ . The equation (4) can be derived from the equations (2)-(3). Therefore, we will consider the Einstein's -Friedmann's equations in the following form
The parameter ǫ = 1 for a canonical scalar field and ǫ = −1 for a phantom one. If ξ is a constant, then equations (5)- (6) are reduced to those for standard inflationary background equations
Direct solutions for inflationary expansions
Let us start from direct investigation of the equations (5)- (6) . Since the equations (5)- (6) contain four unknown functions, to generate the exact solutions without additional conditions it is necessary to set two of them. The first step is the selection of the Hubble parameter H = H(t) responsible for inflationary expansion. Then we may choose the scalar field φ = φ(t) as the function on time. Substituting this dependence in equation (6) we find the equation for determination of ξ as the function on t. Reverse the relation for t as the function on φ which we suggested, gives for us possibility to make reconstruction to obtain the dependence ξ on φ. Thus we will have the exact solution of equations (5)- (6).
De Sitter expansion
As an example of inflationary expansion we choose the scale factor in the form
where a s is the constant which means the starting value of the scale factor. Such evolution of the Universe has been applied from the very beginning of inflationary scenarios investigation [1] and still under consideration because of good connection to calculation of cosmological parameters [5] . We can easily find the Hubble parameter
and set the evolution of the scalar field as
where B = φ(0) = φ s . Let us note that the evolution of the scalar field (11) widely applied for the chaotic inflation [22, 23] . We can proceed with obtaining a solution by the following way. By making the substitution (10) into basic equations (5)- (6) we can find kinetic and potential energy in terms of GB coupling ξ(φ(t))
Then we can substitute the solution for φ (11) into (12) to obtain the equation on the function ξ(t):
The solution of this equation can be presented in terms of cosmic time t as
We can set constant equal to zero as it gives income into Einstein's part of the gravity equations. Making reconstruction of φ from exp (At) = B/φ we obtain
Using the solution for GB term (15) we can find the potential from (13)
By setting C 1 = 0 we obtain the particular solution and find the analog to the exact solution for a massive scalar field for FRW Universe [24] , Hubble parameter and the scalar field are still defined by the formulas (10) and (11), but for standard inflation, the dependences of Hubble parameter and the scalar field from cosmic time differ from (10)-(11) [24] . Namely, for the potential of massive scalar fields V (φ) =
3κ (where κ is Einstein's gravitational constant) the scalar field evolution and Hubble parameter where found out in the form
As we can see the advantage of new solution for EGB gravity when C 1 = 0 is enclosed in the case of positive constant term in the potential (cosmological constant) and more reasonable evolution of the scalar field.
Power law solution
Power law solution is very important for inflationary cosmology as the pattern of exact solution which can solve the horizon, flatness and perturbation-spectrum problems [27] .
To find the exact solution we set
where m > 1.
Making the procedure described in section 3.1 we obtain the following solutioṅ When c 1 = 0 and c 2 = 0 we obtain ξ = 0 and have the case of standard power law inflation.
For c 1 = −(3m−1)/(5m−1) and c 2 = 0 we obtain V = 0, i.e. the case of not phenomenologically viable model [17] .
When c 2 = 0 and ǫ = 1 the solutions correspond to obtained in [18] [19] [20] in the case of the direct choice of the constants c 1 and m.
Also, we have the additional model with c 1 = 0, c 2 > 0.
The method of exact solutions construction
To make possible generation of new solutions for inflation in EGB gravity with non-minimal coupling to a scalar field from well-known solutions in FRW cosmology we will define, as a new approach, the connection between Hubble parameter H of standard FRW inflation and Hubble parameter H in the model with GB term (1). In the works [13, 14, [18] [19] [20] [21] there were considered different types of non-minimal coupling, for example, ξ(φ) = ξ 0 φ −n . In [13, 14] the functional dependence of ξ = ξ(φ) have been introduced a priori and in [18] [19] [20] [21] ξ = ξ(φ) was defined from given Hubble parameter H(t) and a scalar field φ(t) as functions on time with the aim to find exact solutions.
We suggest to study the GB coupling ξ as an indicator of Hubble parameter "shifting" from Hubble parameter H of standard inflation to Hubble parameter H in the model (1) with GB term nonminimally coupled to a scalar fielḋ
Then, the equations (5)- (6) can be rewritten as
In the case of ξ = const from (23) one obtains H = H and the equations (24)- (25) are reduced to the equations for standard FRW inflation (7)-(8). This procedure confirm that H is the Hubble parameter for standard inflation. Further, after simple transformation, we can rewrite the equations (23)- (25) in the following form
As can be seen from equation (28), whenξ > 0 the coupling of scalar field to GB term accelerates the expansion of the universe compared to the standard inflation and decelerates in the case ofξ < 0. Therefore, the GB coupling with arbitrary sign (positive or negative) can increases or decreases the Hubble expansion rate during inflation depending on the particular form of the function ξ = ξ(t).
The possible way of generating of exact solutions can be associated with selecting of the Hubble parameter H = H(t) and the scalar field φ = φ(t) and using the equations (23) and (25) to define the non-minimal coupling to GB term parameter ξ(φ). After that we able to generate the exact solutions from equations (26)- (27) using H obtained from (28) .
From the the other hand we can go by more natural way. Namely, we can set the Hubble parameter H(t) which give the inflationary expansion and set the dependance ξ on t. After that the solution will be defined by the formulae (26)- (27) .
To show the method described above in action, we choose few scale factors for which exact solution exists in terms of elementary functions; inflationary solutions are also there.
Class of the exponential solutions
Let us choose the evolution of the scale factor in the exponential form (9). Then we have simple relation for the Hubble constant
It is clear that for given evolution of the GB coupling term ξ = ξ(t) we may found the exact solution making substitution ξ(t) into (23) and then substitute H and H into (26)- (27) . Therefore the solution founded in section 3.1 by direct analysis of equations (5)- (6) does not unique; for various GB coupling terms ξ(t) we may found different exact solutions.
Let us continue to analyse the exponential solution with given GB coupling ξ .
ξ = c 1 t
In the case of linear dependence ξ on time t:
after performing the procedure described above one can write the solution
To make connection to the model's action (1) we have to define the dependence ξ on φ. To this end we can express t as the function on φ using the relation (31) . Then we will substitute it into (29) . The result is
Thus, by choosing the linear dependence ξ on t we showed that for exponential evolution in FRW cosmology there is exponential solution in EGB cosmology as well.
ξ
In this case the potential will not be a constant
Integrating (27) we can find
Using this relation we can finally find the dependence V on φ
Let us take into consideration more complicated case when
Then
We can find the dependence V on t
Unfortunately, the solution for φ as the function on t
does not give possibility to express the potential V as the explicit function on φ.
In the general case ξ = ct n the scalar field φ is defined in quadratures, but one can obtain the another exact solutions with explicit dependence of the scalar field on the time for some other values of n as can be verified by direct calculations.
Thus, we show that the class of solutions for exponential expansion of the universe is very wide and it depends on the choice of GB coupling function ξ .
Theξ&H ansatz
Another way of generating the exact solutions on the basis of transformation (23) can be realised in the following way. We suggest the connection betweenξ and H in (23). Then we calculate H from the same equation (23) . After that we can find the solution from (26)- (27) by integrating (27) and reconstructing the dependence t as the function of φ to get the dependence ξ and V on φ.
Let us consider the example of such approach. We can connectξ with known solution H for FRW cosmology in the formξ = − (2H) −1 . Then we may choose any solution for FRW cosmology and analyse the corresponding result in EGB cosmology with non-minimal GB coupling (1) . As an example we may study power law inflation H = n/t, n > 1 Futher, using the relation from (23) H = 2H , we can transform (26)- (27) to
For the Hubble parameter H = n/t to obtain the real solution for the scalar field we must set ǫ = 1. After integration we obtain φ(t) = ± n 2 (n + 4) ln(t) (45)
This solution is in agreement with that in the section 3.2 with n = 2m and c 1 = 1, c 2 = 0.
The H&H ansatz
Now, we consider equations (26)- (27) with H = H + f (t). As the result, we have the system of equations
where the last equation (50) derived from (23) . The function f (t) is defined by settingξ and H .
H = 0
At first, we consider the case of f = −H for phantom fields ǫ = −1 with equations
For this case H = 0 and the connection with the standard inflation is absent.
As the example we choose exponential expansion with
The Hubble parameter is H = A/ √ t (A > 0). Performing integration in (51)-(53) we obtain
For the model with
and hence
where A, B and C are positive constants, the exact solution can be written as
Let us note, that this solution has the feature that the inflationary stages alternated with stages of deflation. Nevertheless, for the very early Universe, when t → 0 we have the exponential expansion a(t) ∝ exp(ABt/ √ 2) which characterise the standard inflation.
Further, we consider the case of f = α, where α is the arbitrary constant and the equations (48)- (50) can be transformed to
For the canonical scalar field ǫ = 1 with
the FRW space corresponding to the this model is
The standard inflationary model with such space was considered in works [24, 25] . The exact solution can be represented as
Thus, we obtain the exact solution in EGB gravity for double-well potential with corresponding Hubble parameter for standard inflation
To simplify the resulting formula we take C = 5 48 AB 2 . Thus, we obtain
with Hubble parameter and scalar field are defined by means of (66) and (68). The another exact solutions for double-well potential with H(t) = p/t and φ(t) = Bt n were obtained in the paper [21] .
Generation of EGB solutions from given scale factor
It is well known method of exact solution construction in FRW cosmology based on evolutionary scale factor definition [29] [30] [31] . In EGB cosmology we have one additional parameter -GB coupling parameter. Therefore we must find a way to include in the method the parameter ξ also. To this end, we reduce now equation (49) to the equation for standard inflation by imposing the construction
In this case, the system (48)-(50) are reduced to
It is clear that by definition of f (t) it equals to the scale factor: f (t) = a(t).
To find the exact solution with performing the integration for the scalar field from the equation (75) we choose the scale factor as a = a s exp(B √ t). Then we can obtain the solution
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Let us note that the potentials similar to the first term in the (78) one can meet in supergravity [28] . Now, we can rewrite the system of equations (74) 
Thus, one can generate the exact solutions for the inflation in EGB gravity by the choice of the scale factor a = a(t). For standard inflation this procedure was proposed in [29] and it have got development in [30, 31] .
Conclusion
We study EGB cosmology in 4 dimension with a scalar field having non-minimal coupling to GB term. First of all we made sure that inflationary solutions as exponential and power-law ones are allowable, and the scalar field φ, the potential V (φ) and GB coupling term ξ(φ) have been found in explicit form using direct analysis of model's equations. Then we concentrated our attention on searching some connection of EGB cosmology with FRW cosmology (23) by suggestion the relation between Hubble parameter in FRW cosmology H with the same for EGB cosmology H in the form H = H(1 − 2ξH). As we can see this relation contains the GB coupling ξ and therefore we need to choose two parameters to connect H with H . Thus, together with the Hubble parameter in EGB cosmology H we may choose the GB coupling parameter ξ as function on time t.
As the example we demonstrate that such approach leads to a wide class of exact solutions for exponential evolution of the universe. Then, we applied once again the relation (23) for exact solutions construction using special anzatses which give the examples of power-law, generalized exponential solutions and the solution for the double-well potential. Finally, we made connection of one special anzats with evolutionary scale factor and presented the system of equations in the form which allowed us to generate exact solutions (at least in quadratures) of wide class for given scale factor. Thus the analog of fine tuning of the potential method [29] [30] [31] we proposed for EGB cosmology with scalar field and non-minimal interaction with GB term.
